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S(TVUXWYZ[\^]X_a`bYcedgfh`eiX`bYjc
Y-klijmncoi-pVcrqtsuW%vwdgce`exypVY
z|{}dn~YXkC6duVYjq
AmgVdh{kAY{}YjiTVYj{}iTaY_wgZhnN[hpV`e_Zggg[JmnfgYJq
' jXVgg W3mnfh`b_a`b_Vf"Tmkk}TVY_amnktpV{}Ydn(pk}pV{}Y' u`b{mnc6mkkmgi¡qW`efgTyk%cedydh¡=ce`b¡hY`oqktTaY¡gYjs=k}d=qpiXi-YJqtqpVcecbsNV{}dn¢
k}YjiFk}`b_afmgfhmn`e_aqk|ktTaYXW   S(TV`oq£amgYj{¤V`eq}i-paq}qtYjq|Tad¥i-{}syVktdgfh{}mgVTusmg_a3¡gYjsW3mg_amnfhYXWYX_yk£k}YjiTV_a`exypVYJq£W3m¦sY-§a_a`¨k}`b hYXcesiTVYJi¡uWmnktYmg_hk}`b u`e{}mgc|mn_amgcbsqt`eqmg_a©WYjiTamg_V`oqW3q  'ª YV{}YjqtYX_yk%mfgYj_VYX{}`ei u`e{tpqX« YX_VdgktYJ¬­R®¯°h±²³"Ta`eiT´V{}dnk}Yji-k}q`bk}qi-dY"`¨k}TNm' gYX{}sqYJi-pV{}Yg«wpVcbkt{m¢Pµmgqk^qtsyWWY-k}{t`oiYj_ai-{}sukt`edg_  ^¶ `e_ai-YktTaY%W3mn`e_N{m¦"vamhi¡'dn|pq`e_Vf'Yj_ai-{}sukt`edg_=`b_k}TamkiXmgqtYce`bYJq"dg_k}TVYY-·`oqk}YX_aiXYdnk}TVY%qtYji-{}Y-kA¡hYXsdg{A`e_dg{}W3mk}`bdh_mgvdhpkl`bkC"`bktTV`e_ktTaY u`b{mnciXdYg«w6YqtTVd¸TVd¹ktd
vusuamgq}q"k}TV`oqCce`eW`bk}mnkt`edg_Nvyspaqt`e_VfqtpV`bk}mnvacbY¡gYXsW3mn_mnfgYjWYX_ykAktYJiTV_V`oxypVYjq  ^º `e_amncecesg«R6YqTad¹k}Tamk^ktTaYiXdgWVceY-·`¨ks
dnk}TVYl¬­R®¯°y±u²
iXdY"mn_amgcbsqt`eq `oqmkcbYJmgqkmhqTV`efgTmgqktTamnk|dnktTVY"i-{}suk}mg_amncesq`oq dnw`¨kqpV_aYj{tcesu`b_VfYj_ai-{}sukt`edg_mncefgdg{}`bktTVW  
»¼y½R¾t¿À Á g YX_aiX{tsuk}`bdh_r«y y`e{mncwYX_aiX{tsuk}`bdh_r«ymg_ykt`e y`e{mncVk}YjiTV_a`exypVYJqX«ui-dY^`eq}mgq}qtYXW%vacbsh«h¡hYXsWmg_amnfhYXWYX_ykJ«yiXdgWVpk}YX{
qtYjiXpV{t`bks
ÂÃÅÄPÆÇ ÈÅÉLÆFÃÅÆFÊËÌÂÍ¦ÎÐÏÑÉËjÒJÓPÆFÃÅÆFÊËÕÔÂÖy×ÙØÉLÚ£ËÌÛjÈÅÊFÍÂÃÅÄÜÛjÝßÞ¦ÆXÆFÃo×àwÛjØáâãàaØÛJäâFÏrÛ¦Ûjåß×æFçFèFèFéêärëÍ¦Í¦ëÄt×7ìÉPÂÍ¦ÝëF×îíðïñ òóeô ñbõrítöø÷FùúÅùðítûøûµí}ú¨ü-íðýøítþößíú ÿ ô  ú ýßû
∗  ÉµÆLëøÓ ÏRÆjÎJëÄÑàaÉLÈÅÝ	 ìVÈÅÃÅÈÅÆFÃ
 ÈÅÍ¦ÉµÈ Â	 eÉ
  6.î!¤!
Õ!Ì1
4X+-!
	 !
63!
ÕD+- 4
 +-4-+-.+-E!

6 	 
+-	Ð" D3Ð!
+-(!
+F  4
4F3.Ð!
63!
&574XÌD3+F
.
83:3;=<?>A@CB
    6Y
{}mgVwdg{tkV{}]jqtYX_yktYpV_ iXmgq]XktpaY
`ecbcepaqkt{mn_ykiXdgWWYX_ykcbYJq%k}YjiTV_a`exypVYJqiX{tsuk}dgfh{}mgVTV`oxhpaYjqwYXpV hYX_yk
WY-ktkt{}YAYX_3]JiTVYji¤k}dnkmncac mn_amgcbsqtY¤YXk£ceYjqk}YjiTV_a`exypVYJq|mn_ykt`e u`b{mnceYjq   _VYAV{}YXpa gYAYliXdg_aiXYXk6Yjqk£V{}]jqtYX_ykt]jY(mgp3WdsgYX_3 pV_ u`e{tpaq¤fh]X_V]j{t`oxypVYg«mnaYjcb]¬w­R®¯°y±u²NVdg_yk"cbYi-dY^Yjqk"V{}dnkt]jfg]^amn{"iTV`R{tYjWYj_ykc mg`eY pV_mncefgdg{}`bktTVWY^pVc¨k}{}mn¢P{mna`eY
YXk^wdhq}q]JVmn_yk^pV_kt{}UjqCTamgpk^_a`b hYjmnp?VYqt]jiXpV{t`bkt]i-{}suktdhcbdhfg`oxhpaY   mn_aq^comWYjqtpV{}Y%d?cbYV{}`b_aiX`bmnc `b_aiXdg_u g]j_V`eYX_yk^Vmg_aqc pVkt`ecb`oqtmnkt`edg_
p'iTV`w{}YXWYj_hk¤{t]Jq`oY^Vmn_aq£cbYCµmn`bk¤xypVYCcemi-ceY-qtYjiX{tUXktYAdhppV_VY^`e_dg{}W3mkt`edg_qtp! q}mn_yktYCdhpV{£com{}Y-k}{tdhpV gYj{j«
comi-dg_i-YX{}_amg_hkJ«hYJqk¤ktdhp~dgpa{}q(i-dh_yktYX_upVYVmg_aq¤cbYi-dYh«u`bcÑYJqk(Wdg_ykt{}]^iXdgWWYX_yk({t]Jqdhpa{}YCi-YV{}dgvacbUjWYCamn{(c pVkt`ecb`oqtmnkt`edg_
Yk}YjiTV_a`exypVYJq3YfgYjqkt`edg_ YX_u u`b{}dg_a_VYXWYX_ykmnceY
YiXcbYXµqYiTV`w{}YXWYX_yk    c"YJqkmgcbdh{}q]jWdh_ykt{}]
xypVYcomNiXdgWVceY-·`bkt]p³V{}dgvVceUXWY
Yc mn_amgcbsqtY'p i-dYVp  u`b{}paq3¬w­R®¯°y±u²¥YJqk3mnp Wdh`b_qmgpaqtqt`(]XceYX h]XYxypVY
i-YjcbceY
Vp V{}dgvVceUXWYY
cem
iX{tsukmn_amgcbsqtY^pqtsqk}UXWYYiTV`w{}YXWYX_yk"pk}`bce`eqt]  
"À j ¾ #  3 iTV`w{}YXWYj_hkJ«i-{}syVktdgfh{}mgVTV`eYA u`b{mnceYg«hktYJiTV_V`oxypVYjq¤mn_ykt`e u`b{mnceYjqj«hV]jq}mgq}qYjW%vVcomnfhYlYi-dYg«yfgYJqk}`bdh_'Yi-ceY-µqj«
qt]jiXpV{t`bkt]`e_dg{}W3mk}`exypVYJq  
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0 _hk}`b u`e{}mgc6YXktYJiFkt`edg_´`oq%V`b{}Yji-ktces=vamhqYJ©dg_ ktTVY
iXmgamnvV`ece`¨ks=ktd?Tam¦ hYWmgcb(mn{}Yi-dYJqmkdg_VY qV`eqtdyqtmgc£mn_ ktd=qktpaVs
k}TVYXW*vys
`oqtmhqtqtYXWvVcbs3WYJmn_aq   S(TypqX«V u`e{}mgcÑVmkmnvamhqYJq¤ijmn_vwY^pawVmnktYJmn_a
mn_ykt`e u`b{mncRYj_Vfg`e_VYjq"ijmn_
vYpaVfg{mgYJ  0 YXW3mnce(mn{}Y"{t`bktYj{}qlkt{}s'k}dW3mg¡gYk}TV`eqlk}mhq¡Wdg{}Y%` i-pVcbkvys`eWVcbYjWYX_ykt`e_Vf
 ¦mg{t`edgpq(ktYJiTV_V`oxhpaYjqC"TV`eiTNmn`eW
mnk^Yjcem¦su`e_Vf3ktTaY¡u_Vd"ceYjfhY%mn_ktTVYpV_aYj{}qk}mg_a`e_Vfdg|ktTVYj`b{i-dYJq21(dhvpaq}iFk}mnkt`e_Vfa«R{}YX"{}`¨k}`b_afa«aYj_ai-{}sukt`edg_         S(TVYJqYiXduVYjqmg{tYYj_Vdnk}Yj  !" i-dYjq   S(TaY§a{}qk%mn_©WdyqkµmgWdgpaqdh_VY3`oqV{}dgvamgvVcbs?ktTVY43 567!  y`e{}paqmnVwYjmg{tYJ `b_k}TVYYjmg{tces?_V`e_VYXkt`eYjq  98 dg{}Y{tYJi-Yj_hk}cbsh«rk}TVY;: 2<=>  y`e{}paq gYj{ts_mn`e gYXcesk}{t`eYjqk}d?i-dhWacb`oiXmnktY3mn_ykt`e u`b{mncYX·Yj{kq r¤dg{}¡vus'`eWVceYXWYX_ykt`e_Vfvamhq`oi^YX_aiX{tsuk}`bdh_'k}YjiTV_V`oxypVYjq    
k}d_ad«_Vdg_VYdgk}TVY¡u_Vd"_W3mgcb(mn{}YCqtpaiXiXYXYJYj
`e_V{}YX hYX_ykt`e_VfiXduVYmn_amgcbsqt`eq  S(TVYW3mn`e_Y-·Vcomn_amnkt`edg_dg{(k}TV`eq¤µmg`bcepV{}Ycb`eYjq(dh_'k¤dµmgi-k}q?1
@ mn_ykt`e u`b{mncYX·Yj{kqmnce¤m¦sqW3mn_amgfgY6ktddhvk}mg`b_3mW3mnce¤mg{tY(i-dhusBA`e_YJiFktYJ§aceY>C   0 qktTVYjsmg{tY("`oYXces`oq}q`eW`b_amnktYJÑ«W3mnce¤mg{tYi-dYq}mnWVceYjqDA u`e{tpaqtYjqj«¤dg{}Wq       C%mg{tYmnce(m¦suq6 gYj{ts3YJmgqt`bces'm¦ mn`ecomnvVceY   S(TV`oq"i-dgWYJq¤{tdhW ktTVYµmhiFk(ktTmkcb`eW`¨k}Yj
 u`b{}pVceYX_aiXYFEl`oq"_VdnkAmYJmktpa{tY`e_VTVYX{}YX_yk(ktd3W3mgcb`oi-`edgpaq(iXduVYjq  
@ ª TVYX_V{}YjqtYX_ykj«JktYJiTV_V`oxypVYjqmn`eW`e_Vf^mkW3mg¡y`e_VfliXdY6mg_amncesq`oqrWdg{}Y£` i-pVcbkmn{}Y£vwdgpV_aktdAµmg`bc   S(TVY£W3mn`e_{}Yjmhqdh_`eqktTamnkktTaY{tYjcemnktYJ©V{tdhvVceYXW3qGAðk}Tamk`eqktd=q}m¦sg«V{tdhvVceYXW3qk}dvY
qdhcb hYj `b_´dh{}VYX{ktd=vysuamhqtq%i-dYV{}dnk}Yji-kt`edg_HC
vYjcbdh_Vf^ktdwdgcesu_VdgW`omncVi-dhWVcbYX·`¨ks%iXcemhqtq   0 q|mn_Y-·VmgWacbYh«nYX_aiX{tsuk}`bdh_%k}YjiTV_a`exypVYJq|mn{}Y"mnce¤m¦sq{tYjcemnkt`e gYXcesYJmgqtsktdvV{}Yjmn¡q`e_ai-Y^k}TVY¡gYjsqtamgiXY^`oq¤ktdud3ce`bW`bktYJ
mg_amncecbdAq(mg_
YX·Tamnpaqkt`e gYqtYjmg{}iT
mnVV{}dhmhiT  I8 dg{}YXd hYX{J«hYj_ai-{}sukt`edg_mncefgdh{t`bktTVW3q¤k}TamkATam¦ hYvYjYX_dgpa_a`b_¡u_Vd"_W3mnce¤mg{tYi-dYJqAmn{}YYX`bktTVYj{l hYX{}s_amn`e gYdh{ld3_VdgkAd RYX{ATV`efgTceYX hYXc
dnqYJi-pV{}`¨ks  
 _ ktTa`eq%amnwYX{J«¤YV{tYJqYj_yk%m_VYX i-dh_ai-Yjk%mnvwdgpkW3mgcb`oi-`edgpaqiXdYjqiXdgWvV`b_a`b_VfY  3iX`bYj_yk¡gYXsNW3mn_amgfgYXWYj_hk"`bktT
TV`efgTV¢PceYX hYXcqYJi-pV{}`bks
Yj_ai-{}sukt`edg_ mncefgdh{t`bktTVW    ` RYX{}YX_ykmn_mncesuqt`oqCmg_a?YX·uwYX{}`eWYj_yk}q^Tam¦ gYi-dh_§a{}WYJk}TVY`eWdyqtqt`evV`bce`bksk}d
qktpaVsktTVYi-dYh«wpa_aYX{CktTaYmhqtqtpVWkt`edg_?ktTamnk^¤Y%W3mn_mnfgYJktdfgYXkmi-dgus
dn£`bk  KJ sce`bW`bkt`e_Vf'k}TVYi-dY%a{tYJqYj_ai-Ymg_a= u`e{tpacbYj_ai-Y`e_=k}TVY3i-dgWVpVktYX{J«r¤Y3qTVd mncoqdTVdk}d
W3mg¡gYktTV`oqmgq}qpaWVkt`edg_  gYX{}spV_Vce`b¡hYXces  ª Y3`ececbpaqkt{mk}Y%k}TVYjqtYiXdg_aiXYXkqKAV{}dudnð¢ßdnð¢øi-dg_i-YXVkLC£vys'V{tYJqYj_ykt`e_Vf%{}dgW*mn_mncefgdg{}`bktTVW`oilwdg`e_yk(dg u`eYX¥k}TVYWdhqkAq`eWVcbYYX·mgWVcbYdg m_VYX
 u`e{tpaq|µmnW`ecbs3iXmgcbceYjk}TVYM­R®¯°h±u² u`e{tpqYJq   0 q¤mW3mn`e_3{tYJqpac¨kJ«h¤YlqtTVd k}Tamk6ktTVYCfgYj_VYX{mncVa{tdhvVcbYjW dg¬­R®¯°h±²?i-dYmg_amncesq`oq¤`eq(YJxhpa`b mnceYX_yk¤ktdktTaYi-{}syVk}mn_mncesuqt`oq£dg mqYJi-pV{}YCYj_ai-{}sukt`edg_mncefgdh{t`bktTaWÜ`e_
ktTVYqtYX_aqtYCktTamnkA`¨k"`oq(Y-·dh_VYX_yk}`emgcbces
iXdgWVceY-·  S(TV`oqamgYj{`eqdh{tfymn_V`ONXYJmgqdgcecedAq    _ ¶ YjiFk}`bdh_ZV«n¤Y£§a{qkVY-§a_VY"a{tYJi-`oqYjcbsk}TVY(vamgi¡ufg{}dgpa_amn_k}TVY"¡u_Vd"_ijmgqtYjq"TVYj{tYCmkk}YXWkq|k}dpaqtYli-{}suktdhfg{mnVTus`e_ u`b{mnci-dYjq£Tam¦ gY"vwYXYj_W3mgY  ª YlqtTVd "TusmgcbcaktTV`oq¤mkk}YXWkq|¤YX{}YAvdhpV_ak}dµmn`ec  ?¶ YJiFk}`bdh_ - {tYJiXmncecoq¡gYXsNW3mn_amgfgYXWYj_hkk}YjiTV_a`exypVYJqV{}YjqtYX_yktYJ `b_QPegR    _ ¶ Yji-kt`edg_©a« ¤YV{}YjqtYX_ykktTVY'fgYX_aYX{}`ei u`e{}mgc|i-dg_i-YXVkSpaqt`b_Vfqkt{}dg_Vf
YX_i-{}syVkt`edg_NiXdgWvV`b_aYjN"`¨k}T dhkt`eW3mnc¡hYXs?fhYX_VYj{}mnkt`edg_=mg_a=¡hYXs?W3mg_amnfhYXWYX_yk   0 kcemhqkJ«
¶ YJiFk}`bdh_%V{}dud gYjq£ktTmkC¬w­R®¯°y±u²  y`e{mncÑi-dYmn_mncesuqt`oq6`oq(YjxypV`e mnceYX_yk(ktdYX_i-{}syVkt`edg_q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YX·iXcbpq`e gYX¢Pdh{CdhYj{}mnktdg{J«
||
ktTVYiXdg_aijmk}YX_amnkt`edg_=dhYj{}mnktdh{j«
R
m
_Vdh_ai-Y3mg_a
K
m
¡gYjs   S(TVY mncepVY M `oqiXmg{t{}`bYJ?vusk}TVYmgfgYX_ykoAðk}TVY"W3mnce¤mg{tY(i-dY"`e_dgpV{|ijmgqtY>C    mhqTpV_iFkt`edg_3ijmn_vY"paqtYjk}diXdg_aVpaiFkk}Yjqk}q|mg_aiXdg_aqkt{}pai-k k}TVY"¡gYjsqqd^ktTmkYX·mgW`b_amnkt`edg_dnrk}TVY^mgfgYj_hk(duYjq¤_Vdgk¤{}YX hYjmncktTaYC{}YjxypV`e{tYJ3YX_u u`e{tdh_VWYX_yk}mgc`e_dg{}W3mk}`bdh_   S(TaYX_
dyqtqt`bvacbY^i-dg_qk}{tpai-kt`edg_aqj«mgWdh_VfW3mn_usdnk}TVYX{qj«umg{tY1
@ `¨ H(N) = M ktTVYj_
ceY-k K = N  
@ `¨ H(H(N)) = M ktTVYj_
ceY-k K = H(N)  
@ `¨ H(Ni) = Mi k}TVYX_ceY-k K = H(N1, N2, . . . , Ni)  
@ `¨ H(N) = M ktTVYj_
ceY-k K = H(R1, N) ⊕ R2  
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M
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K   "`edg{Vmg_¥mn_a ¶ iTa_VYX`eYX{
V{}dgwdhqtYj qYj gYj{}mgcAY  i-`eYX_yki-dg_qk}{tpai-kt`edg_aq'"TV`oiT¥V{}d y`oY?Y  i-`eYX_ykYj_y u`e{tdh_VWYX_yk}mgcA¡gYjsfhYX_VYj{}mnkt`edg_ V{tdgktdi-dhceqpaq`e_Vf mn{}`edgpaq^k}YjiTV_V`oxypVYjq?1k}TV{}YjqtTVdgco`e_VfAV{}dnk}di-dgcpq`e_Vfk}TVY`oYjmhqdn"i-{}suktdhfg{mnVTV`oiqYJi-{}Y-k
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mn{tkt`oi-pacemg{tcesg«Jdg{WdhqkdnVk}TVY"i-dg_qk}{tpai-kt`edg_aqktTaYXsV{}dgwdhqtYjr«jk}TVY"mktk}mgi¡hYX{`oqAce`b¡hYXces3ktd§a_a
ktTaY¡gYXsvus'dgvqYj{t u`e_VfvdgktTktTaYmnfgYj_yklmn_aktTaYYX_u u`b{}dg_aWYj_yk   S(TVYqYJmn{iTqtamgiXYdg{"k}TVY%mgi-kt`e mkt`edg_Vmnk}mW3m¦smnce¤m¦sqvwYlqW3mgcbcYX_VdhpVfgTktdmncecbd mn_Y-·Tamgpaqkt`e gYAqtYjmn{iT3mnVa{tdymgiT   8 dg{}YXd gYj{j«vusdgvaqtYX{} u`b_af^WdhvV`bceYlmgfgYX_ykmhiFkt`edg_qX«k}TVYlmnkk}mhi¡gYj{ W3m¦sYJmgqt`bces%YXktYj{tW`e_VY""TVYX{}Y"mn_a"TV`oiT¡u`b_adgRVmnk}mCktTaYAmnfgYj_yk`oq`e_yktYX{}YjqktYJ`b_   S(Tamnk|`bWVce`bYJqk}TamkCmamk}`bYj_hk^mn_amgcbsqkA"`bcecdhvk}mg`b_`e_dg{}W3mkt`edg_?mgvdhpk"ktTaYmnfhYX_yklmk"k}TVYq}mnWYk}`bWYk}TV`eqlcemnkk}YX{l`oqlmhiFk}`b mk}Yj
vus'k}TVY
qtpV`bk}mnvacbYYj_y u`e{tdh_VWYX_yk}mgcÑVmkm  
ª Y=_Vd,V{}YjqtYX_ykmV{}mhiFk}`eijmncCmg_a Y  3iX`bYj_yk'paqtY=dnYj_u y`e{}dg_VWYX_ykmncA¡hYXs³fgYX_aYX{mkt`edg_ `e_ ktTaYNiXmhqY=dn u`b{mncCi-dYmg{tWdgpa{t`e_Vf  
   	ê"
( + Õ%'"! )ê+F.¤5¸
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 Y-kApaq"`oq}i-paq}q¤_Vd ktTaYfgYX_aYX{}`eilµmnW`ecbs u`e{tpq6_mnWYj¬­R®¯°y±u²  ª `bktTVdhpk"cbdyqtq(dgfgYj_VYX{mnce`bksg«y6YiTVdudhqtYCktd3Yjq}i-{}`evYdh_Vcbs3mvamgqt`oiAvVpk(wd6Yj{pVcwY-·VmgWacbY  ¶ dhWY 8 dh{tYCi-dgWVceY-·3V{}dnk}di-dgcoq|Tm¦ gYlvwYXYj_Yj gYjcbdhVYJ3dg{¤mn{}YCiXpV{t{}YX_yk}cbspV_aYj{qktpaVsAµqtYXY ¶ YjiFk}`bdh_!
C   S6d3`RYX{}YX_ykAi-dYjq(Tm¦ gYvYjYX_Yj gYXcedgaYJmg_ak}YjqktYJ 1
@ m3`e{tYJiFktYJ
vVpklfhYX_VYj{t`oi u`b{}paq("TV`oiT?mn`eW3qAmklqtYJi-`b§iXmgcbces'`e_YJiFkt`e_Vf'mfh`b hYX_
fg{}dgpVmW3mgiTa`b_VY%¦wYXdhVcbYAµ ¦mg{t`omn_yk0 C-«
@ m`b{}Yji-ktYJ' u`e{tpaq"VYj`oiXmnktYjk}dqtwYji-`b§ijmncecbs'qkt{}`e¡gYdg_Vces'mg_ys'fg`e gYX_
paqtYX{ Aµ ¦mg{t`omn_yk J C  
8 `e_Vdh{% mn{}`emg_yk}qTam¦ hY3vYjYX_´k}YjqktYJmgq%6Yjcbc¤mn_a©"`ecbc¤vwYcb`oqktYjcemnktYX{dg_   S(TaY'i-dYJqTam¦ hY3vYjYX_ YJq`efg_aYj©vwdnktTdg{
ª `e_adAq(mn_  _V`¨·
qsqktYXW3q   S(TVYXsqtpaiXiXYjq}qpacbces3W3mn_amgfgYjktdvusymgq}q¤mg_ykt`e y`e{mncRqdgðk¤mg{tYC"TV`eiT
mncecR{tYjWmg`b_aYj'qt`ecbYj_hk  
¶ `e_aiXY¬w­R®¯°h±u²¹ u`b{}paqtYjqmn{}Y'dg_acbs´V{}dudnð¢ßdnð¢øi-dh_ai-Yjk% u`b{}paqtYjqj«|¤Y"`ecbc¤di-pqdh_Vces´dg_k}TVYmn{}Wdh{t`e_VfNV{tdgktdi-dhc6mn{tk  6dhWacbYXktYlqtdgpV{i-Y"iXduVY"`eq£_Vdnk£m¦ mn`ecomnvVceY   S(TVYAfgYj_VYX{mncVqkt{}pai-ktpV{}Y"dnwktTVYCi-dYjq|`eq£fg`e gYX_`e_ º `efgpa{tY A>Cmg_aqpVWW3mn{}`ONXYj
D CPV CPV21 CPV3
1 2 3
º `bfhpV{}Y1 T  gYX{mncecÑqk}{tpiFktpa{tYdn¬­R®¯°y±u² iXdYjq
mhq¤dgcecbdAq?1
@ mCVYji-`eVTVYj{tWYj_hkV{}di-YjVpV{tY D "TV`eiTVpV{}dyqY¤`oq ktdi-dgceceYjiFkmgi-kt`e mkt`edg_VmkmV«k}Yjqkmg_aYX mncepamk}Y£k}TVYXW mn_a§a_amncecesYjiX`baTVYX{(k}TVY`wYj{tYj_hkAYj_ai-{}suktYJ'mn{tk}q(dnktTVYiXdY 

@ m§{}qk¤Yj_ai-{}suktYJ3amg{k lz
1
"`¨k}T'YX_i-{}syVkt`edg_'¡hYXs
K1   T _ai-Y^YjiX`bVTaYX{}YjÑ«yktTa`eq(amg{k(`e_aqkmnceceq¤mncecÑmn_ykt`b¢ømn_ykt`e u`b{mncpV_ai-kt`edg_aq Aµamgq}qt`b hY^mg_amgiFk}`b hY>C  
@ mqYJi-dg_?YX_i-{}syVktYjNamg{k Cz
2
"`¨k}T©YX_aiX{tsuk}`bdh_=¡gYjs
K2  
S(TV`oqamg{ki-dh_yk}mn`e_aqCktTaY`e_YJiFkt`edg_ pV_iFkt`edg_qmn_a
ktTVY3wdgcesuWdg{}VTV`oqWÌV{tdiXYjpV{}Yjq  3ª TVYj_´{tYjVcb`oiXmnkt`e_Vfa«ktTVY3 u`e{tpq"`bcec£mgcb(m¦sq^mg_a©i-dhWacbYXktYXcesNiTmn_VfhY`bk}qdg{}WA`e_ai-cepa`e_Vfk}TVYYjiX`baTVYX{}WYX_yk"V{tdiXYjpV{}Y>C  
@ m3k}TV`b{?mn{tkCz
3
Adhkt`edg_amgcCA"`¨k}TNYj_ai-{}sukt`edg_=¡gYXs
K3  
 kiXdg_yk}mg`b_aqlktTaYam¦sucedhmh
pV_aiFk}`bdh_aqA`e_NdhpV{iXmgqtYg«Ñm
q`eWVceYdgwYX_V`e_Vf"`b_d `oqtqtpV`e_Vf3m`b_YJiFk}`bdh_
(mn{}_V`e_Vf`b_dg{Yj{6k}d3¡gYjYXi-dg_yk}{tdhcwd hYX{¤ktTaY^ u`e{tpqC  
 dnktYk}Tamk(k}TVYjqtY^ktTV{}YXYYX_i-{}syVktYjamg{kq¤mg{tYYX·mhiFk}cbs3dgktTaYqtmgWYqt`7NjY^`e_dg{YX{¤k}dfh`b hYlk}TVYqce`efgTyktYJqk"`e_dg{}W3mkt`edg_dg_k}TVYpV_aYj{tcesu`b_afiXdY  
 Y-kApaq"_ad¹YJqtiX{t`evYk}TVY¡hYXsW3mn_mnfgYjWYX_yk"V{tdgktdi-dhc   S(TaYmgiFk}`b mnkt`edg_Vmkm '`b_dnk}TVYX{l6dh{}Vq6k}TVY%Vmnk}m{tYJxypV`b{}Yjk}di-dg_qk}{tpai-k(ktTVY`RYX{}YX_yk"¡gYXsq 'mn{}YA mn{}`omn_yk 0 C1
å+*äåðØ
 
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 !"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 %!&('*)+,&!&, (
@ ktTVYcediXmgc ^¶ mhV{}Yjq}qKAY   f    iXdgWamg_ys   iXdgWGCF«Yj_Vdnk}Yj α «
@ i-pV{}{}YX_ykAqsqktYXW0kt`eWYGAµTVdgpa{}q(TVTdh_Vcbs5C¤mn_
amktYAµWW3VHCF«VYX_VdgktYj
δ
«
@ mamn{tkt`oi-pVcomn{"Vmnk}mV{}YjqtYX_yk"`b_
k}TVYk}mg{tfhY-kAqsqktYjW;ALqC Aµ`b_dgpa{AiXmgqtYmamn{tkt`oi-pVcomn{¤§aceY>C-«aYj_Vdnk}Yj
ι
«
@ m%mn{tkt`oi-pVcomn{¤`b_Vdg{}Wmnkt`edg_pV_aYj{¤ u`e{}mgcÑi-dYmnpk}TVdg{(i-dh_hk}{tdhcL«ucediXmk}Yj'dgpkq`oYCktTVYqtsuqktYjW AVpavVcb`oiiTamn_a_VYXc+C6vVpkYjmhq`ecbsmgiji-Yjq}qt`bvVceY¤ktdk}TVYA u`b{}paqoAµ`b_3dhpV{£ijmgqtYg«gmfh`b hYX_6YjvamnfhYAi-dg_ykmn`e_V`b_afmmn{tkt`oi-pVcomn{| mgcbpVY""TadhqtY"V{tYJqYj_ai-Y(`oq
cb`eW`¨k}Yj`e_kt`eWYCmn_a{tYjcemnktYJ%k}dktTVY" mgcbpVY
δ
C 
h`bk£`oq|Yj_Vdnk}Yj
π
mg_adgvkmn`e_VYj{}dgWÙk}TVYATamhqTdnwktTa`eq£`b_dh{tW3mnkt`edg_
º dg{CktTVY mn{}`emg_hk J «ÑVmnk}m ι `oqmfh`b hYX_VpVvacb`oi%¡hYXs"TV`oiT?`oqlV{}YjqtYX_yk^`b_ m 2)+
	
 		 dh{lY-·VmgWacbY   S(Tupaqj«wktTVY u`b{}paqW3m¦s3kmn{}fgY-kAmamg{k}`eiXpVcomn{(paqtYX{"dg{"pqYj{}q"iXdgWW%pV_a`eijmkt`e_VfktTa{tdhpVfgT
YX_aiX{tsuk}Yj
YXW3mg`bcoq nVmkm%"`bktTmg_ys'fg`e gYX_
paqtYX{   S(TVY u`e{}mgciXdYpaqYJqCktTVY3TamhqT=pV_ai-kt`edg_ ¶  0 ¢};P R£mgq^dh_VY-¢ß¤m¦s
pV_iFkt`edg_ ATaYX{}YVYX_VdgktYj H C   S(TVYj_r«ÑktTaY3YX_u u`b{}dg_VWYj_hkmnc¡hYXsV{}dnk}di-dgcÑ`oq"YJqtiX{t`evYJmhq¤dgcecbdAq?1
   ktTVYYjiX`bVTaYX{}WYj_yklV{}duiXYjpa{tY D iXdgcecbYJiFk}q"ktTVY%mhiFk}`b mk}`bdh_?VmkmYX`bktTVYj{C`e{}YjiFk}cbsA α, δ mn_ π C"dg{l{tYjYJmktYJcesA ι Cmn_a'i-dgWVpVktYm!h¢ßvV`bk£ mncepVY
V
fg`e gYj_vus
H(H(α⊕ δ ⊕ ι⊕ π)⊕ ν)
"TVYX{}Y
ν
`eq6ktTaYA§a{qkA¦ZvV`bk}q¤dn lz
1
Aµ`b_
`¨kq"YX_i-{}syVktYj'dg{}WGC  
Z   `¨ V = M "TVYj{tY M `eqk}TVY ~2) $) $6! iXdg_yk}mg`b_aYj`e_k}TVY u`b{mnc(i-dYh«ktTVYj_ K1 = H(α ⊕ δ ⊕ ι ⊕ π)dnk}TVYX{}"`eqtYCktTVYYJi-`eVTVYj{tWYX_ykAV{}di-YJpV{}Y^qktdhaq"mn_a
`oq`e_YJiFk}q"ktTVYV{}YjqtYX_ykAqtsuqktYjW {}dgW k}TVY"TVdgceY u`b{mncÑi-dY  
-   D VYji-`eVTVYj{}q  lz 1 a{tdpaiX`b_af Cz 1 = DK1( Cz 1) mn_acomnpV_aiTaYjq`bk   S(TVYX_ D `eqiXdgWVpk}`b_Vf K2 = H(K1⊕ν2)"TVYX{}Y
ν2
`oq¤ktTVY%VJZ%cemhqkAvV`bk}qAdn Cz
1
 
   D YJi-`eVTVYX{q' lz 2 V{}dpai-`e_Vf Cz 2 = DK2( lz 2) mn_a?cemgpV_aiTVYJqA`bk   S(TaYX_ D `oq^i-dgWVpVkt`e_Vf K3 = H(K1 ⊕
K2 ⊕ ν3)
"TVYj{tY
ν3
`oq(k}TVY%¦Zcomgqk"vV`¨kq"dn lz
2
 
   D YjiX`bVTaYX{q lz 3 V{tdpi-`e_Vf lz 3 = DK3(  lz 3) mn_'comnpV_iTVYjq(`bk  
!   0 ðk}YX{A u`e{tpaq"mhiFk}`bdh_`oq"i-dhWacbYXktYjr«ktTVY u`e{tpq"`eqt`e_Yji-k}q"`bk}qtYXcbk}dnkmncecbs  
¶ dhWY{tYjWmg{t¡q¤iXmg_
vwYW3mgYmgvdhpk(ktTV`oq"V{}dnk}duiXdgc1
@ {tdhW {}YXVce`oiXmk}`bdh_³ktd´{}YXVce`eijmk}`bdh_r«¤ktTVY?"TadgceY?i-dYmAµ`b_aiXcbp`b_afV{}duiXYjpa{tY D mn_  mgcbpVY M CTamgqiXdgWVceY-k}YXcesiTamn_afgYj³Yj gYX{}sk}`bWY   S(TV`eq'`bWVce`eYjq
m ktdnkmnc^i-dg_yk}{tdhcAdnktTaY=wdgcesyWdh{tVTa`eiV{}di-YJpV{}Y{tYjcemnkt`e gYXcesk}d´ktTaY=¡gYjsW3mn_amgfgYXWYj_hka{tdgktdi-dhc"vys ktTaY=mnpk}TVdg{'dnktTVY= y`e{mncliXduVYA )+!> k}TVY?YX hdgcepkt`edg_ dg^k}TVY=mhiFkt`e mk}`bdh_ amk}m ³`b_
V{mgiFk}`eiXYdg_Vces3ktTaY ¦mgcbpaYjq
δ
mn_a#dg{
π
C  
@ ktTVYapV{twdhqtYdn  ¦mgcbpaYjq
Cx
`eq"ktdW3mn¡gY^k}TVYVmkmqamg_'k}TVY"TVdhcbY`e_VVpkCqtamhi-YAL¦ZvV`¨kqC  
@ ktTVYV` RYX{}YX_yk"amn{tk}q Cz
i
W3m¦svwYi-dhWa{tYJqtqtYj'vYXdg{}YYX_aiX{tsuk}`bdh_  
@ ktTVY¡hYXsq K1, K2 mn_ K3 ijmn_vYW3mgVY`b_aVYXwYX_aVmg_ykAvys'paq`e_Vf3mga`¨k}`bdh_amncÑYj_u y`e{}dg_VWYX_ykmncÑVmkm  
@ ktTVYmnpVktdn¢ø`oq`e_YJiFkt`edg_'Wm¦svwY^VYXcom¦sgYj`e_'dh{}VYX{|k}dTmn_aceYAk}TVYCkt`eWYmn_'VmnktYl mgcbpVYJq£`e_mceYjq}q6qkt{}`ei-ktces¤m¦s    _ktTamnkliXmhqYh«hk}TVYYJi-`eVTVYX{}WYX_ykAV{}di-YjVpV{tY
D
{tYjW3mn`e_aq"mgi-kt`e gY^`b_qtsuqktYjWîWYXWdh{ts  
T k}TVYX{ ¦mg{t`omn_ykqTam¦ gY3vwYXYj_©ktYjqktYJ´mgq¤YXcecP«amg{k}`eiXpVcomn{}cbsk}d?V{}dpai-Yk}TVYWdhqk%dhkt`eW3mnc£iXduVY`b_©k}YX{}W3qdnAqt`7NjYmn_aqktYJmncbktTV`e_VYjq}q   S(TVYWdyqklqt`efg_V`b§iXmnkt`e gY^ mn{}`emg_hk"`oq¤ktTVYdhcbced"`e_Vf1
@ ktTVYpa_aYX{}cesy`e_Vf3i-dY`oqAi-dhWV{tYJqtqtYjr«
@ `b_qk}Yjmg'dn YXW%vwYja`b_afiXdgWV{}Yjq}q`edg_mn_a'YX_aiX{tsuk}`bdh_'pV_iFkt`edg_q6"`bktTa`b_
ktTaY^ u`e{tpq¤iXdYg«uk}TV`eq(comktktYj{¤"`ececÑvdh{t{}dcbdijmncÑ{}YjqtdgpV{i-YJq£`b a{tYJqYj_hkJ«
 ÍJë6ÚAÂË^ÆFÖ LëÝøÓÓLÞÂ}ÓÓLÞ¦ë6ÒJÉLëÄPëÍ¦Ýë(Æ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D
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Sd3YX mncepamnktY^ktTVYiXdYmn_amgcbsqt`eq(i-dhWVcbYX·`¨ksh«uk6d3iXmhqYJq¤W%paqkAvYiXdg_aqt`oYX{}Yj 1
@ ktTVYmg_amncesqk"Tamhq¤ktTVY u`e{}mgcÑvV`b_mn{}`bYJq"mk"dg_VY q"V`eqtdyqtmgcL«
@ ktTVYmg_amncesqkAduYJq(_Vdnk"Tam¦ hYCk}TVYXW  
S(TVY^qYJi-dh_a3iXmhqYA`oq6Wdh{tY"ce`e¡gYXcesktdTmnVwYX_`br¤YCi-dh_aqt`eYj{ktTmkj«u`e_'mn_usiXmhqYh«nktTaYl u`b{}paq£cb`eW`¨kq£`bk}q6V{}YjqtYX_aiXYA`b_q`oYAk}TVY
kmn{}fgY-kAqtsqk}YXW0vusV`eqt`b_VYjiFk}`b_af`bk}qtYXcb {tdhWî`bk  
J pkceY-kpaq%qpVadyqYktTmkktTaYmn_amgcbsqkj«Yj gYj_N`b¤`bk`oq gYj{ts?pa_Vcb`e¡gYjcbsh«TamhqW3mn_amgfgYj?ktdfhY-kdg_aYiXdgus?dg6k}TVY3 u`b{}paqvV`e_amg{t`eYjq  ' YXklpaq^qTVd¹ktTmklk}TVY%Yj_u y`e{}dg_VWYX_ykmncÑ¡gYjsfhYX_VYj{}mnkt`edg_V{}dnk}duiXdgcra{tYJqYj_hk}Yj`e_?qYJiFk}`bdh_Y  i-`eYX_yk}cbs
dg{}vV`oVqiXduVYmn_amgcbsqt`eq¤pV_VceYjq}q"mi-{}suk}mg_amncesq`oq¤V{tdhvVceYXW0dg YX·uwdg_aYX_ykt`omncriXdgWVceY-·`¨ks'`eq"qtdgce gYJ  
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@ ktTVYmhiFk}`b mk}`bdh_ mgcbpVY
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@ ktTVYµmhiFk"k}Tamk(ktTaY y`e{}paq(cbdudh¡uq¤dh{(ktTVYqtsqk}YXW k}`bWYmg_aVmk}Yg«
@ ktTVYµmhiFk"k}Tamk(ktTaY y`e{}paq"qtijmn_aq¤dh{AqwYjiX`¨§wiVmkm α, ι mn_a π  
8 dh{tYjd gYj{j«gktTVYmn_amgcbsqk¤`oq(mnvVceYAk}dmg_amncesNXYlktTVY u`b{}paq6`¨mn_a'dg_Vces3`bTVY^¡y_adAq|k}TVYq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k}TVYfgdud'¡hYXs   S(Ta`eq"fhpVYjq}qt`b_Vf`oq"YjxypV`e mnceYX_yk(ktd3`oiFkt`edg_mn{}s'mktk}mgi¡q  S(TVYiX{tsukmn_amgcbsqt`eq(mgVV{}dhmgiTmn`eWqlmk(§a_a`e_Vfk}TVY mncepVY
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qtpaiT'k}Tamk
H(K1 ⊕ C1) = M
"TVYj{tY
M
mn_a
C1
mg{tY
YJmgqts?ktd=`eYj_ykt`bsN`e_©ktTVYYjiX`bVTaYX{}WYj_yk%V{}duiXYjpa{tY
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i-dhcbce`eqt`edg_NqtYjmg{}iT=V{tdhvVceYXW Aðdh{Wdh{tYYXk}mn`ecoqX«Ñ{}Y-Yj{Ck}dP «6Tamnk}YX{ RC    _NdgktTVYj{6dh{}Vqj«w§a_a mncecamg`b{q(dn`e_VVpk
x
mn_a
x′
qpiT'k}Tamk
H(x) = H(x′)  
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n
2
dgwYX{mk}`bdh_aq£dg{
n
¢ßvV`bk¤`e_VVpVk¤ mncepVYJqA
n = 512
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AµqtYjiX{tYXk^¡hYXs{tYJmncecbspaqtYj?ktd
YX_aiX{tsuk^ktTaY u`e{}mgc iXduVY>CF«ÑTaYWpaqk^vwY-dh{tYjTamn_a
iXdgWVpk}YlmncecVk}TVYA mncepVYjq
x
qtpaiTktTamnk
H(x) = M  º dh{£m n ¢ßvV`¨k|`e_VVpVkj« m ¢ßvV`bk£dgpVktVpk6TamgqtTpV_aiFk}`bdh_r«yktTVYj{tY"YX·`eq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dg{ ¶  0 ¢}FC   S(TVYj_r«RktdqtpVWWmg{t`ONXYh«R{tYJi-d gYj{t`e_Vfk}TVY¡gYXs{}YjxypV`e{tYJq 2n2 × 2n−m dgwYX{mkt`edg_q 
ktTamnk^`oqCktdq}m¦s
2
n
2
−m
2
dgwYX{mkt`edg_q A
≈ 2131,072
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α, ι
mn_
δ
Cd gYj{"TV`oiT´TVYTamhq%i-dh_ykt{}dgc£pa{t`e_Vfk}TVY
mg_amncesq`oq    _dg{tktpa_amk}YXcesg«ÑVmkm π {}YXW3mn`e_aqAdhpkCdg|TV`oqli-dh_ykt{}dgcmg_a
ktTupaqCTVY"`bcec_adnkCvwYmgvVceYktd
Y-k}YX{}W`e_VY`¨kqlYX·mhiFk mncepVY   S(TupaqktTVYj{tY"`oq_Vdmg_ysdnk}TVYX{|Wdh{tY(Y  iX`bYj_hk¤mnVV{}dhmhiTk}Tamn_3qtYjmn{iTV`e_VfY-·Tamgpaqk}`b hYXcesdg{|ktTVYA mgcbpVY α⊕δ⊕ ι⊕π  
¶ `e_aiXY^mnk¤ceYjmhqk π "`bcecRvYiTVdyqYj_{}mg_adhWcesvysk}TVY^ y`e{mnciXdY^mgpktTadg{J«gk}TV`eq¤YX·uTmnpaqkt`e gY^qYJmn{iT3Tamgq¤i-dhWacbYX·u`bks 2n `b m
n
¢ßvV`bkl`b_aVpklTamhqT
pV_iFkt`edg_Tmgq"vwYXYj_paqYJA
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dg{ ¶  0 ¢>C   0 cbcktTV`e_Vfhqli-dg_q`oYX{}Yjr«ktTVYd hYX{mncecri-dhWacbYX·u`bksdg k}TVYiXduVYmn_amgcbsqt`eq¤`oq
min(2n, 2
n
2
−m
2 ) = 2n   
å+*äåðØ
 
		 !"#$ %!&('*)+,&!&, 
  $ 64-
.+X
S(TVYV{}dydgð¢Pdgð¢ßiXdg_aiXYXk u`e{tpq%¬­R®¯°y±u²¥TamhqvwYXYX_ Yjqt`bfh_VYj´mg_a´`oqtiXpaq}qYJ ktd?`ecbcepaqkt{mk}YktTaY3µmgi-k%ktTmkY  i-`eYX_ykmn{t¢
Wdgpa{t`e_Vf'`oq^dyqtqt`evVcbY   ¬­R®¯°h±² mn_dnk}TVYX{^Y  i-`eYX_yk u`b{}paqtYjqCdn6q}mnWY%¡u`e_a?wdhqtYk}TVYV{tdhvVceYXWêdn£m'ktTa{tYJmkC"Ta`eiT qdµmg{j«h`eq`eWdyqtqt`bvacbY(k}dYjmgcV"`¨k}T   S(TVY"dhcbsuWdg{}VTV`oi¤_amk}pV{}Y"dnÑqpaiTi-dYJqX«h"TVYX_dhkt`eW3mncecbs`eWVceYXWYX_yktYJÑ«hdg{}vV`eaqmn_usYXktYJiFkt`edg_vamgqtYj'dg_Vces3dg_ktTVYYJi-`eVTVYX{}WYX_yk(V{tdiXYjpV{}Y
D    pV{}`b_af%k}TVYCYX·Yj{t`eWYX_yk}qj«Y-k}YjiFk}`bdh_'vamhqYJdh_vYjTam¦ u`bdhpV{Wdg_a`¨k}dg{}`b_Vf3mg_amg_amncesq`oq¤Tamgq(vwYXYj_qpaiji-YJqtqpVcecbsvusuamhqtqtYj
mgq(¤YXcec  zYX{}W3mnWYX_yklmg_a`e{tYJiFkAWYXWdg{}s'Wdh_V`¨k}dg{}`b_af3W`efgTyklvwY%m3qtdgcepkt`edg_k}dYjmgc"`bktT?qtpaiTY  iX`bYj_hklmg{tWdhpV{tYJi-dYjq  
J Yjqt`oYjqj«ÑTVYjm¦ usqtsuqktYjWê{tYJqtqtdgpa{}iXYjqAmg{tY{tYJxypV`b{}Yj=mn_a?ktTV`oqmnVV{}dhmhiT`bWVce`eYjq^ktd
vwYm¦(mn{}Ydn£ktTV`oqamn{tkt`oi-pacemg{lk}TV{tYJmkAµY  i-`eYX_yki-dYmn{}WdhpV{}`b_VfC   6pV{t{}YX_yk^{tYJqYJmn{iT?iXmn{}{}`bYJdgpk`b_NdgpV{^comnvwdg{mktdh{ts
mn`eW3qCmnk^V{}d u`b_af3ktTamnk^Yj gYj_?WYXWdg{}sW3mn_mnfgYjWYX_ykmn_aNWdg_V`bktdh{t`e_VfiXmg_NvwY3vusymgq}qYJ  ª Y3amg{k}`eiXpVcemg{tces?YJq`efg_VYJNmµmg{Wdh{tY3iXdgWVceY-·= mn{}`omn_ykV`b{}Yji-ktces{m¦"_{tdhWktTaY <=o)"  u`b{}paq?1mk£mg_uskt`eWYg«ydg_Vcesmqt`b_VfhcbY"`e_aqkt{}paiFk}`bdh_3iXmn_vwY"dgpV_`e_mn_pV_aYX_aiX{tsuk}Yjdg{}W
`e_=WYXWdh{ts  DJ pk`bk^{}YjxypV`e{tYJqCmµmn{^Wdg{}Yi-dhWVcbYX·YX_u u`b{}dg_VWYj_hkmnc ¡gYjs
fhYX_VYj{}mnkt`edg_k}Tamn_=ktTamnkqt`bWVceYdg_VYV{tYJqYj_yktYj`e_ ¶ Yji-kt`edg_  
 _VcbYJqtq¤mqtdgcepkt`edg_'`eq6{}mgV`ocbsdgpa_aktd%§afgTyk(mnfhmg`b_qk|k}TVYjqtYl u`e{tpqX«hktTV`oq¤qk}pasdgpk}cb`e_VYJq|k}Tamk(mn_`oqdhcemnkt`edg_3dgi-{}`¨k}`eijmnc_VYXk6dh{t¡q(mn_mqkt{}`ei-k"iXdgWVpk}YX{AqtYjiXpV{t`bks3wdgce`eiXs`eq"mgvaqtdgcepktYjcbsYJqtqtYX_yk}`emgc  I8 dh{tYjd gYX{J«nk}TV`oq"`bWVce`eYjq¤ktTmk"ktTaYmn_ykt`e u`b{mnciXdgWamn_a`bYJq£Wpaqk"Yj gYXcedgi-{}syVk}mn_mncesuqt`oq6qt¡u`bceceq6`e_ktTaY^ hYX{}s_aYjmn{6pk}pV{tYh«pV_aYj{¤ktTVYmgq}qpaWVkt`edg_3k}Tamk"`bk¤`oq¤dyqtqt`bvacbYlktd
dhvk}mg`b_m u`b{mncÑi-dYq}mnWVceYmn_a'ktTmkAvV{}Yjmg¡¦mgvVceY^iX{tsuk}dhqtsuqktYjW3q(Tam¦ gY^vYjYX_paqtYj  
  ( " ¤".
Pb2R J mgcbYjV`b_    ALZnh - CF«  >5!2U=,"9  $?)+67	DD<=!L"69#2)+) «
	
 "!$#%&  $'('  %)(#*"+,.-/0",1+.,+&+2134
P ZR J mg{}mg¡ J   «\^dgco{tYj`eiT T   «  Wamgfgce`emN2NXd¸   «"pa`oiT ¶   « ¶ mgTamn` 0   « |mhTamn_ ¶ « £mn_af65   APZnga>C-«87 }+!| )+5,,)2)+6)+ p L,2~) 	=, « 0  mn_aiXYjq`e_Ù6{}suktdhcbdhfgsh«6{}syVktd Zngag«    ¶ ZV - a«lV   wV«
¶ V{t`e_VfhYX{ YX{}cemgf  
P - R%6Tad ¶   « £`eqtYX_´z   hdgTa_aqdh_    «:9Rmg¡yTmn{}d     0   APZnga>C-«  L?~m%(5! L,&~L) rG~6<;>=Y p,2!?2!&H)6*~L$ %!& 	=, «  _dh{tW3mnkt`edg_ ¶ Yji-pa{t`bksg«  ¶ ¥ZnhVh«    ¶ ZgZgga«ya   Xh%RJgV« ¶ a{t`e_VfgYj{ YX{}cemgf  
P R%6`epVvwdnkmn{}`bp 8   APZng - C-« ' )+,  %>6F,), « l`e{}paq J pVcecbYXkt`e_r«_Vd hYXW%vwYX{   @	(
A.,$#'@+.-B-2"C$'  ,*.B.  DEEF*GG,1+'%&(1HAI(-&
P R%6dhcbcevwYX{}f   ¶   «uS(TVdgWvdh{}qtdg_'   ALZgghZCF« 3 %!2)+	 o!2J;O> U
	"L,2~)K;  ?6 ,*&$,2pLU!%!L~&) «    ¥S{mn_aq}mgi-kt`edg_aq¤dg_ ¶ dgðk¤mg{tY|_Vfh`b_VYjYX{}`b_afa« dgc   Z V«  d   V« 0 pVfgpaqkCZnhhZV«ya   ( - ¦¢ (¦ !  
P !RL
	M(@,1+.,+&+213+$-
P (FR º `ecb`edgc    ALZgg - CF«%N !, $>)+, )+>&)O?&!&,P+%QL)!& )O?2!!&h6)~L), «Ñ6dhcbceYji-kt`edg_    ¶ « ¶ a{t`e_VfgYj{  
P R 8 YX_VY?NXYjq 0   «a ¦mg_ T dg{qtiTVdgk6z   « |mn_aqktdh_VY ¶   0   A (C-«"R "L> p$ 6)!"  %	L5 «¤A z£{tYJqtq  
P R  mk}`bdh_amnc  _aqkt`bktpVY^dn ¶ kmn_aamn{Vq£mg_a'SYjiTV_adgcedgfgsh«   ¶ S º  z ¶ z $J hV«  !L~& ! R F,9 "" «    ¶    YXmn{tk¢WYj_hkAdg6dhWWYj{}iXYg« 8 m¦s?  -  
PejRz£{tdg~YjiFkpa_aYjvysNktTaY º pV_©dg{ ¶ i-`eYX_ykt`b§i"YJqYJmn{iT=¢ º cemg_aYX{qGAPZng - C-« #?")+%!L"KS$!&,&!L~mp  	7 L,2~) «
	M(@  &%T4,  2  '#  "!$#%('*U  ,%+(#"((*(+'(,+(%+&V(-*&
Peg2RA`bdh{}Vmg_    « ¶ iTa_VYX`eYX{ J   A C   $>)+H!2%6 !&(	!2!2) %U"F,(~&6!&67!&,L,;?	!2,    _ : &)+6O!B 	!2,"  !L~& )+B#?&!2!&~L!%W XY «w\   C`bfh_amYj   «  YJiFktpa{tY  dnk}Yjq(`e_6dhWapktYj{ ¶ i-`eYX_aiXYg«V J)Z« ¶ a{t`e_VfgYj{¢ YX{}comnfa«   
PeJZRA`b hYjqk"      A hZCF«  5!ZS=    ~&)(6 	
)+ «a ¶ 0  mnk}m ¶ YjiXpV{}`¨ks  _i  
Pe - RA`b hYjqk      « "dgvaqtTam¦ 8      J   "dhvaqtTam¦« ¶ `o_VYXs    mn_ ^`b_       A 
CF«  5![S=:\ &6O?~  ~2) 5!& « z|{}di   dnk}TVY3jqk 0  ¶ ¤mg_a`oVmk}Y%6dg_Yj{tYj_ai-Yh« 0 pVfhpaqk  a« YX_yktpV{m  
PeXR ¶ TamnT¥z   APZngyZC-« I>"! 7 L,2~L)    ! $!&H) r : 6)~&),KS! $!&L,2!   	)+!L!&)+	%~ F, «]
	M&#@M+,  2+'"    (U+%(    ^_` EDa  %+(,*bD3c"
ää*Í¤aç¥Fç¦
J   U)+6)6
PeJR ª `eceYXs J   ALZgghZCF«   ), H!26+673  ! U)+L,;#?")+%!" 3  <=!&,)	 «

	(#&'
4'  %.,*(+)1  &&+(
4(-&  
Pe!R |dhpV_Vf 0 « |pa_Vf 8   A  !
CF«  %%$>)+67	   L,)%; F,2!L"G !L~& )+   !L,u"(I %!&!LF, !&, «    
¶ syWwdhqt`bpaWîdg_ ¶ YJi-pV{}`¨ksmn_az|{}`b mgiXsg« T mg¡ucemg_aÑ«a 0 «r !  
Pe)(FR |dhpV_Vf 0 « |pV_Vf 8   APZnhn
C-«: 6)~2),9 %	L5    &5,)+
	  $?)+67	 « ª `ecbYjs ¶ dg_aq  
å+*äåðØ
Unité de recherche INRIA Rocquencourt
Domaine de Voluceau - Rocquencourt - BP 105 - 78153 Le Chesnay Cedex (France)
Unité de recherche INRIA Lorraine : LORIA, Technopôle de Nancy-Brabois - Campus scientifique
615, rue du Jardin Botanique - BP 101 - 54602 Villers-lès-Nancy Cedex (France)
Unité de recherche INRIA Rennes : IRISA, Campus universitaire de Beaulieu - 35042 Rennes Cedex (France)
Unité de recherche INRIA Rhône-Alpes : 655, avenue de l’Europe - 38330 Montbonnot-St-Martin (France)
Unité de recherche INRIA Sophia Antipolis : 2004, route des Lucioles - BP 93 - 06902 Sophia Antipolis Cedex (France)
Éditeur
INRIA - Domaine de Voluceau - Rocquencourt, BP 105 - 78153 Le Chesnay Cedex (France)  	


  
ISSN 0249-6399
